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Abstract. We verify a simple prediction made by Simpson's standard con- 
jecture, in the context of regular holonomic D-modules on abelian varieties. 
We also show that if a polarizable Hodge module admits a Z-structure, then 
the cohomology support loci of the underlying regular holonomic ©-module 
are arithmetic subvarictics of the de Rham moduli space. 



A. Overview of the paper 

1. Introduction. In his article }Sim90j . Simpson proposed several conjectures 
about regular holonomic systems of differential equations whose monodromy repre- 
sentation is defined over a number field. The principal one is the so-called "standard 
conjecture" ; restated in the language of regular holonomic 2?-modules and perverse 
sheaves, it takes the following form. 

Conjecture 1.1. Let M be a regular holonomic T> -module on a smooth projective 
variety X, and suppose that both are defined over Q. IfDKx(M) is the complexi- 
fication of a perverse sheaf with coefficients in Q, then A4 is of geometric origin. 

He points out that, "there is certainly no more reason to believe it is true than to 
believe the Hodge conjecture, and whether or not it is true, it is evidently impossible 
to prove with any methods which are now under consideration. However, it is an 
appropriate motivation for some easier particular examples, and it leads to some 
conjectures which might in some cases be more tractable" |Sim901 p. 372]. 

One particular example is the class of abelian varieties. Let A be a complex 
abelian variety, and denote by the moduli space of line bundles with integrable 
connection on A. For a D^-module M, one can define the cohomology support loci 

S^(M) = {(L,V) eA* I dimH k (A,'DR A (M®ff A (i,V))) >m\, 

where k,m G Z. It was shown in [Schl2[ Theorem 3.3] that S^ n (A4) is always a 
finite union of linear subvarieties of A 1 ; when M. is a semisimple regular holonomic 
I?- module of geometric origin, each S^(Ai) is moreover a finite union of arithmetic 
subvarieties, in the following sense. 

Definition 1.2. A linear subvariety of A^ is any subset of the form 

(L, V) (g> im(/ 1 ' : -)■ A*), 

for /: A — > B a homomorphism of abelian varieties, and (L, V) a point of A\ An 
arithmetic subvariety is a linear subvariety that contains a torsion point. 

The theorem we just cited suggests the following test of Simpson's conjecture: 
If the standard conjecture is true, and if M is a regular holonomic D-module on A 
with the properties described in the conjecture, then the cohomology support loci 
of M should be finite unions of arithmetic subvarieties. 
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2. Results. Our first result - actually a simple consequence of |Schl2| and an old 
theorem by Simpson [Sim93 j - is that this prediction is correct. 

Theorem 2.1. Let A be an abelian variety defined overQ, and let M. be a regular 
holonomic T>A-module. If M is defined over Q, and i/DR^A!) is the complexi- 
fication of a perverse sheaf with coefficients in Q, then all cohomology support loci 
S* l (A / l) are finite unions of arithmetic subvarieties of A^. 

Proof. Let Char(A) = Hom(7Ti(A), C*J be the space of rank one characters of the 
fundamental group; for a character p € Char(A), we denote by C p the corresponding 
local system of rank one. We define the cohomology support loci of a constructiblc 
complex of C- vector spaces E € D*(Ca) to be the sets 

Si (E) = { p G Char( A) dim H k (A, E ®c C p ) > m } . 

The correspondence between local systems and vector bundles with integrable con- 
nection gives a biholomorphic mapping $: A^ — > Char(A); it takes a point (L, V) 
to the local system of flat sections of V. According to Sell 1 21 Lemma 14.1], 

*(S*(M))=5*(DR A (A<)). 

Note that Char(A) is an affine variety defined over Q; in our situation, A 1 is more- 
over a quasi-projective variety defined over Q, because the same is true for A. The 
assumptions on the T>- module M imply that Sy^(Al) C A^ is defined over Q, and 
that Si(T)R A {M)) C Char(A) is defined over Q. We now use |Sim93l Theorem 3.3] 
to conclude that both must be finite unions of arithmetic subvarieties. □ 



Our second result is a further generalization, suggested by some of the other 
conjectures in Simpson's paper. We consider regular holonomic 2?A-niodules that 
share two properties with objects of geometric origin: they underlie a polarizablc 
Hodge module on A, and they admit a Z-structure. 

Theorem 2.2. Let M be a polarizable Hodge module on A, and assume that M is 
the intermediate extension of a polarizable variation of Hodge structure with coeffi- 
cients in Z. Then the cohomology support loci of the underlying regular holonomic 
T>-module are finite unions of arithmetic subvarieties of A^ . 

The proof is by induction on the dimension of the abelian variety. Four key 
ingredients are the Fourier-Mukai transform for ©^-modules [Lau96 , Rot96] ; results 
about Fourier-Mukai transforms of holonomic ©^-modules |Schl2j : the theory of 
perverse sheaves with integer coefficients [BBD82J; and the decomposition theorem 
for polarizable Hodge modules Sai88 . Roughly speaking, they make it possible 
to deduce the whole theorem from the following elementary special case: if H is a 
polarizable variation of Hodge structure with coefficients in Z, and if C p is a direct 
factor of C ®z H for some p 6 Char(A), then p must be a torsion character. 
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B. Preparation for the proof 
In what follows, A will always denote a fixed complex abelian variety. 
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4. Variations of Hodge structure. We begin by treating the simplest instance 
of Theorem 12.21 a polarizable variation of Hodge structure with coefficients in Z. 

Lemma 4.1. If a local system with coefficients in Z underlies a polarizable variation 
of Hodge structure on A, then it is a direct sum of torsion points of Char(A). 

Proof. Consider the associated monodromy representation fi: tti(A) —> GL ra (Z). 
After tensoring by C, it splits into a direct sum of unitary characters of rank 
one; the values of each character are algebraic integers of absolute value one, and 
therefore roots of unity. This means that /i is a direct sum of torsion characters. □ 

Corollary 4.2. Let Ai be a vector bundle with integrable connection on A. If M 
underlies a polarizable variation of Hodge structure with coefficients in Z, then all 
cohomology support loci of M are finite unions of arithmetic subvarieties. 

Proof. By the lemma, we have A4 ~ (L\, Vi) © ■ ■ • © (L n , V„) for torsion points 
(Li, Vi) G A\ All cohomology support loci of M. are then contained in the set 

{(L 1 ,V 1 )-\...,(L n ,V n )- 1 Y 

and are therefore trivially finite unions of arithmetic subvarieties. □ 

5. Hodge modules with Z-structure. Let MHM(A) denote the category of 
graded-polarizable mixed Hodge modules on the abelian variety [Sai90 . Here we 
can work either with analytic or with algebraic mixed Hodge modules, because A 
is projective. In general, we denote the regular holonomic X^-module underlying a 
mixed Hodge module M by the symbol M , and the underlying perverse sheaf with 
coefficients in Q by the symbol rat M . 

We shall say that a mixed Hodge module has a Z-structure if the underlying 
perverse sheaf, considered as a constructible complex with coefficients in Q, can be 
obtained by extension of scalars from a constructible complex with coefficients in Z. 
A typical example is the intermediate extension of a variation of Hodge structure 
with coefficients in Z. To be precise, we make the following definition. 

Definition 5.1. A Z-structure on a complex of mixed Hodge modules 

M G D 6 MUM(A) 

is a constructible complex E G T)^.(Za) and an isomorphism ratM ~ Q ®% E. 

The standard operations on complexes of mixed Hodge modules clearly respect 
Z-structures. For instance, suppose that M G D b MHM(i) has a Z-structure, and 
that /: A — > B is a homomorphism of abelian varieties; then /*M G D h MHM(i3) 
again has a Z-structure. The proof is straightforward: 

rat(/*M) = R/*(ratM) ~ R/*(Q © z E) ~ Q © z Rf*E 

By [BBD82, Section 3.3] and |Jut09j . there are two natural perverse t-structures 
on the category Dg(Z^); after tensoring by Q, both become equal the usual perverse 
t-structure on D^((QU)- We shall use the one corresponding to the perversity p + ; 
concretely, it is defined as follows: 

p <0 , . J for any stratum S, the local system 'H m i* s E is zero 
6 F ( A > ^ \if to > -dim 5 + 1, and Q © z dimS+1 ^£ = 

B 1 p+T\ >q (^ \ / f° r an y stratum S, the local system HJ^igE is zero 

G c ( A) <==^ | if rn < - dim S, and H- dimS r s E is torsion-free 

We can use the resulting formalism of perverse sheaves with integer coefficients to 
show that Z-structures are also preserved under taking cohomology. 



4 



CHRISTIAN SCHNELL 



Lemma 5.2. If M € D b MHM(A) admits a Z- structure, then each cohomology 
module H k M £ MHM(A) also admits a Z-structure. 

Proof. Let P+H k (E) denote the p + -perverse cohomology sheaf in degree k of the 
constructible complex E G D*(Z^). With this notation, we have 

r&t(H k M) = p H k {r&tM) ~ p ft fe (<Q ® z £) ~ Q ® z p +H k (E), 

which gives the desired Z-structure on H k M. □ 

There is also a notion of intermediate extension for local systems with integer 
coefficients. If i : X ^ A is a subvariety of A, and j: U ^ X is a Zariski-open 
subset of the smooth locus of X, then for any local system H on U with coefficients 
in Z, one has a canonically defined p+-perverse coherent sheaf 

i*(j w H[dimX}) e P +D|°(Z A ) n p +D|°(Z A ). 

After tensoring by Q, it becomes isomorphic to the usual intermediate extension of 
the local system Q ® z H. This has the following immediate consequence. 

Lemma 5.3. Let M be a polarizable Hodge module. Suppose that M is the inter- 
mediate extension of Q®z H , where H is a polarizable variation of Hodge structure 
with coefficients in Z. Then M admits a Z-structure. 

Proof. In the above notation, E = i»(ji*/f[dimX]) gives a Z-structure on M. □ 

We conclude our discussion of Z-structures by improving Lemma 14.11 

Lemma 5.4. Let M be a polarizable Hodge module with Z-structure. Suppose that, 
for some p £ Char(A), the local system C p [dim A] is a direct factor o/C <8>q ratM. 
Then p is a torsion point of Char(A) . 

Proof. Let j : U c — > A be the maximal open subset such that j*M = H[dimA] for 
some polarizable variation of Hodge structure H. Consequently, j*C p is a direct 
factor of the complex variation of Hodge structure C ®q H. Since the variation 
is polarizable, and since fti(U) — > tti(A) is surjective, it follows that p is unitary. 
Similarly, the fact that rat M ~ Q ®i E implies that j*C p is a direct factor of 
the local system C ®% j*E; in turn, this means that the values of p are algebraic 
integers. As in the proof of Lemma I4TT1 we deduce that p is a torsion character. □ 

6. The Fourier-Mukai transform. In this section, we review a few results about 
Fourier-Mukai transforms of holonomic D^-modules from |Schl2j . The Fourier- 
Mukai transform, introduced by Laumon |Lau96] and Rothstein |Rot96] . is an 
equivalence of derived categories 

FM A :D^CD A )^D^ A 0; 
for a single coherent P^-module A4, it is defined by the formula 

FM A {M) = R( P2 )* VR A xA*/A* {p\M ® i p \ ^)), 

where (P\ V 11 ) is the universal line bundle with connection on Ax AK 

The Fourier-Mukai transform satisfies several useful exchange formulas (Lau96, 
Section 3.3]; recall that for /: A — > B a homomorphism of abelian varieties, 

/+ : D b coh (V A ) D b coh (V B ) and /+ : D b coh (V B ) -> D b coh (V A ) 

denote, respectively, the direct image and the shifted inverse image functor, while 
T> A : B b oh (V A ) -> B b oh {V A )°PP is the duality functor. 

Theorem 6.1 (Laumon). Let M, Mi, M 2 e B b oh {V A ) and Af e D b coh (V B ). 
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(a) For any homomorphism of abelian varieties f : A — > B, one has 

L(f*)*FM A (M) ~FM B (f + M), 

r/Sfm b (.ao ^fm a (/+aO. 

(b) One has FM A (D A M) ~ (-l Ak )*TLHom(FM A (M), & A k) . 

(c) Let m: A x A — > A be the addition morphism. Then one has 

FM A (m + (Mi BMj)) ~FMa(A*i) ®^ FM a (X 2 ). 

Now let D\(D A ) be the full subcategory of Tj h coh {V A ) consisting of holonomic 
complexes. We already mentioned that the cohomology support loci S^(M) of a 
holonomic complex are finite unions of linear subvarieties; here are two other results 
from |Schl2] that will be used below. 

Theorem 6.2. Let M be a holonomic V A -module. Then FM A (M) £ D^^n), 
and for any integer £ > 0, one has codim Supp Ti 1 FM A (M) > 21. 

Theorem 6.3. Let M be a simple holonomic T) A -module. Then we have 

M~{L,V)®e A f*N and SuppFM^(A^) = (L, V) (g> imf^ 

for a surjective homomorphism of abelian varieties f : A — >• B with connected fibers, 
a simple holonomic T>B-module M , and a point (L, V) e AK 

The precise relationship between the support of FM A (A4) and the cohomology 
support loci of M. is given by the base change theorem, which implies that 

|J Su PP H fc FM A (X) = |J S*(M) 

k>n k>n 

for any n £ Z. In particular, the support of the Fourier-Mukai transform FM A (A4) 
is equal to the union of all the cohomology support loci of M. . 

7. Auxiliary results. In this section, we use the Fourier-Mukai transform to 
prove two auxiliary results. Let M be a polarizable Hodge module, and denote by 
M. the underlying regular holonomic Z^-module. 

Lemma 7.1. If (L, V) is an isolated point of a cohomology support locus of M., 
then (L, V) G Si(M) for some k > 0. 

Proof. Since M is polarizable, M. is isomorphic to the dual X^-module ~D A (M.)\ 
according to Theorem 16. 11 this means that 

{-l A t>)* R,Hom(FM A (M), A t>) ~ FM A (M). 

By Theorem 16.21 we have FM A (M) S D^ h {ff A \i)] one easily deduces that the set 
of points where FM^.A/f) is not locally free must be contained in the union of 
the cohomology support loci (A4) with k > 0. This implies the assertion. □ 

The other auxiliary result has to do with the addition morphism 

m: A x ■ ■ ■ x A ^ A 

from the d-fold product of A. Let MM - ■ - MM denote the d-fold exterior product of 
M; this is a polarizable Hodge module on A x • • • x A. If we apply the decomposition 
theorem |Sai88| Theoreme 5.3.1 and Corollaire 5.4.8], we get 

(7.2) m* (M H • • • M M) ~ M e [-£}; 

\t\<{d-X)g 

each Mi = H l m* (MM ■■■MM) is again a polarizable Hodge module on A. 
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Lemma 7.3. Let Me be the regular holonomic T> A-wiodule underlying the Hodge 
module Mg. For any (L, V) G A\ we have an isomorphism of graded vector spaces 

h*(a,diu(a4® (l,v)))® ~ h- £ (adiu(a^® (i,V))). 

\e\<(d-l)g 

Moreover, the support of FMa(Mi) is a proper subset of whenever £ ^ 0. 
Proof. Passing to the underlying P-modules in (17.2j) . we obtain 

(MM---MM)~ M t [-£\. 

\£\<(d-l)g 

To deduce the asserted isomorphism, tensor by (L, V) and take cohomology, using 
that m*(L, V) ~ (L, V) Kl • • • Kl (L, V). For the proof of the second assertion, recall 
from Theorem 16.11 that 

FM A (M e )[-£] ~ FM A (A4) ■ • • |^ FMa(-M). 

W<(d-l)g 

All higher cohomology sheaves of FM^ ( M ) are torsion by Theorem l6.2l remember- 
ing that FM A (Me) e Dj o ° (^a0> tne support of FM j4 (A4£) is thus a proper subset 
of A* 1 whenever ^ > 0. The same is true for I < as well, because M-i ~ .M^ by 
the relative hard Lefschetz theorem [Sai881 Theoreme 5.3.1]. □ 

C. Proof of the theorem 

Throughout this section, we fix a complex abelian variety A, and a polarizable 
Hodge module M on A with a Z-structure, in the sense of Definition 15. II Note that 
this includes intermediate extensions of polarizable variations of Hodge structure 
with coefficients in Z, because of Lemma 15.31 We denote by M the underlying 
regular holonomic module; our task is to show that all cohomology support loci 
of M are finite unions of arithmetic subvarieties of A^ . 

8. Reduction steps. By induction on the dimension of A, we may assume that 
the theorem is valid on any abelian variety of strictly smaller dimension. In combi- 
nation with the decomposition theorem, this has the following useful consequence. 

Lemma 8.1. Let f: A —¥ B be a homomorphism from A to a lower- dimensional 
abelian variety B. Then for all k,m £ Z, the intersection Sf n (M) D B^ is a finite 
union of arithmetic subvarieties of B^ . 

Proof. Let r — dim A — dim_B > be the relative dimension of /. The decomposi- 
tion theorem gives an isomorphism 

/.M ~ H e f*M[-£] 

\t\<r 

in the derived category of mixed Hodge modules on B; by Lemma I5~2l each H f*M 
again admits a Z-structure. After passing to the underlying 2?e-modules, we get 

f+M ^ H e f+M[-£] e B b rh (V B ). 

\l\<r 

If we now tensor by points of B^ and take cohomology, we find that 

n \£\<r 

where the union is over all functions /i : {— r, . . . , r} — > N such that J2\i\< r MM — m - 
By induction, we know that the right-hand side is a finite union of arithmetic 
subvarieties of B^; consequently, the same is true for S^(M) n B^. □ 
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The inductive assumption allows us to show that all positive-dimensional com- 
ponents of the cohomology support loci of M. must be arithmetic. 

Lemma 8.2. Let Z be an irreducible component of some S^ n (A4). If dim Z > 0. 
then Z is an arithmetic subvariety of A^ . 

Proof. By |Schl2[ Theorem 3.3], Z is a linear subvariety of A^; it suffices to show 
that Z contains a torsion point of A^. To that end, we consider surjective homo- 
morphisms of abelian varieties / : A — >■ B, such that intersects Z nontrivially. 
Among all such homomorphisms, we choose one with dim B minimal; note that we 
have dim B < dim A — (dim Z)/2, because Poincare's complete reducibility theorem 
(applied on ^4) allows us to find at least one / such that 2 x im/* —> A 1 is finite 
etale. Now ZflB* is a nonempty finite union of linear subvarieties; by our choice 
of B, it has to consist of isolated points of S^(M) (~l B$. The latter is a finite union 
of arithmetic subvarieties of B^ by Lemma lOI it follows that Z contains a torsion 
point of B^ , and hence that Z is an arithmetic subvariety of A* . □ 

The same method also allows us to deal with those irreducible components that 
are already contained in a proper arithmetic subvariety of A^. 

Lemma 8.3. Let Z be an irreducible component of some S^(jM). If Z is contained 
in a proper arithmetic subvariety of A^ , then Z is itself an arithmetic subvariety. 

Proof. As before, it suffices to show that Z contains a torsion point. The given 
arithmetic subvariety in which Z lies certainly contains a torsion point, say of order 
n. After pushing forward by the multiplication- by-n morphism (n) : A^ — > A^ , which 
corresponds to replacing M by its inverse image (n)*M under (n) : A — > A, we can 
assume that Z C imf\ where /: A — > B is a morphism to a lower-dimensional 
abelian variety. The assertion now follows from Lemma 18. f I □ 

9. The proof. Now let Z be an irreducible component of some cohomology 
support locus of M.. By Lemma 18.21 we may assume that dimZ = 0, and by 
Lemma 18.31 we may assume that Z is not contained in any positive-dimensional 
component of any other cohomology support locus of M.. We have Z = {(L, V)}; 
after a suitable choice of k, m G Z, we can arrange that 

dim H* (^A, DRa (M ®e A (£,V))) = 

Note that we necessarily have k > by Lemma mi To conclude the proof, we need 
to show that (L, V) is a torsion point of A\ Here we borrow a very nice idea from 
[KW111 Section 13], namely to apply the decomposition theorem to the addition 
morphism m : A x • • • x A — > A from the d-fold product of A. Let MM - ■ - MM he 
the <i-fold exterior product of M; it is polarizable Hodge module on A X • • • X A, 
and clearly inherits a Z-structure from that on M. Define 

M e = H e m* (M El • • • H M) ; 

then each Mi is a polarizable Hodge module on A; it has a Z-structure by Lemma [5?^1 
Let M.i denote its underlying regular holonomic X^-module. Lemma lTTBI shows that 

H fe (A,DR A (M® (L.V)))^^ n kd - e (A,DR A (M e ® (L,V))). 

W<(d-l)g 

The left-hand side is nonzero, and so (L, V) has to be contained in a cohomology 
support locus of some Me with kd — £ < g. If we take d > g, this forces I > 0, and 
so the support of FMA(Me) is a proper subset of A^ by Lemma [731 



m for i = k, 
for i > k. 
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Now consider the decomposition of Mi into simple regular holonomic Z^-modules. 
From Theorem 16.31 we infer that 

M<^0(L<,Vi)®/*A/i, 
iei 

where /; : A — >• Bi is a homomorphism to a lower-dimensional abelian variety, and 
Mi is a simple regular holonomic T>- module on . The Fourier-Mukai transform of 
the i-th factor is supported on the linear subvariety (LjVj)<8)im/] whose dimension 
equals 2dimi?i. If dimi?^ > 0, this subvariety is arithmetic by Lemma l8?2l because 
Me admits a Z-structure. 

Since (L, V) € Supp FM^TW^), there is some index i E I such that (L, V) is 
contained in the linear subvariety V^) <g) im/j • If dimi?^ > 0, this is a proper 
arithmetic subvariety of A\ and we conclude from Lemma 18.31 that (£,V) is a 
torsion point. If dimBj = 0, then (L, V) ~ (Li, Vj), which means that (L.V) is 
itself a direct factor of A^^. We complete the proof by applying Lemma \5 .41 
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